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On-demand platforms face the fundamental challenge of fulfilling time-sensitive jobs with independent

workers who may decline offers. To minimize delays and unfulfilled jobs, platforms frequently raise the

offered wage sequentially following each rejection. However, the interaction between these dynamic price

adjustments and the specific sequence in which workers are approached has been overlooked. In particular, if

the best-suited workers (e.g., closest to the job) are also ranked earliest in the sequence, then those workers

would see the lowest offered wages and may decline, leading to poor system outcomes where less-suited

workers end up seeing the raised wages and accepting the job.

We study the sequential offering problem to maximize expected welfare or platform profit by jointly op-

timizing the ranking of workers and the pricing trajectory. Surprisingly, our main result establishes that

if the reservation wage distribution exhibits a non-increasing and convex density function (e.g., Uniform,

Exponential, etc), the exact welfare-optimal solution is achieved by greedy ranking and dynamically optimiz-

ing wages via backward induction. Numerical experiments further demonstrate that greedy ranking remains

optimal or near-optimal across a broad range of other distributions. This suggests that rather than sending

initial “low ball” offers to worse matches, platforms should stick with greedy ranking and optimize the wage

offerings by appropriately taking the continuation value of the downstream offers into consideration.

1. Introduction

On-demand platforms face the challenge of fulfilling time-sensitive jobs (i.e., customer orders or

requests) without the authority to enforce acceptance from workers (e.g. drivers, couriers, etc).

Instead, a job is offered to workers sequentially, and is often rejected multiple times before a worker

accepts the job. These rejections are largely driven by workers’ sensitivity to offered wages (Allon
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et al. 2023). With job characteristics and wage now shown upfront across major platforms, the

resulting cherry-picking has led to widespread reports of single-digit acceptance rates (Bloomberg

2021, Reddit 2023).

To reduce delays and unfulfilled jobs, both of which entail significant costs, platforms often in-

crease the offered wage after each rejection. This strategy has been widely adopted across diverse

domains, spanning food delivery (DoorDash 2025), ride-sharing (Uber 2024), freight marketplaces

(Amazon Flex 2023), and healthcare staffing (CareRev 2023). While such dynamic wage adjust-

ments effectively improve reliability, the interaction with the sequence (i.e., ranking) in which

workers are chosen has been largely overlooked. Specifically, greedily ranking the best worker first

can be inefficient when the offered wages first “low ball” the worker who are good matches, and

later incentivize the poor matches to accept the job with higher wages.

To illustrate, consider a simple scenario of offering a job between two workers, where one is a

better match than the other. Suppose the platform makes an initial “low ball” offer of $5 that

is always rejected. If rejected, the wage increases for the second worker to $10, that is accepted

by most workers. Under a greedy ranking, the best-matching worker rejects the first offer and the

worse-matching worker fulfills the job.

Recognizing how dynamic wages alter the likelihood of acceptance, platforms are increasingly

exploring how to adjust their initial rankings in response to these anticipated wage sequences.

However, attempting to solve this joint optimization problem iteratively creates a complex feedback

loop that is not guaranteed to resolve the underlying inefficiency.

In this paper, we propose the following simple method for jointly optimizing the ranking and

wages: fix the ranking to be Greedy, and then optimize the wages knowing this would be the

case, which would avoid the issue above. This reduces the intractable search problem over all

permutations of workers to a single sorting problem, where the workers are ordered in decreasing

quality of match with the job. The optimal wages given this order can then be tractably found

using dynamic programming.
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We show that surprisingly, this simple Greedily-rank-then-optimize-wages method is actually

optimal for many distributions of worker willingness to work. We now elaborate on our model and

results..

1.1. Main Contributions

We study a sequential offering problem where a platform must jointly optimize the sequence in

which workers are approached (i.e. ranking) and the dynamic wage trajectory offered to them.

Although our primary analytical results focus on welfare optimization, we demonstrate that the

platform still strategically utilizes lower initial wages as a mechanism of self-selection, aiming for

the job to be ultimately fulfilled by the better match. We also show in Appendix B that the

optimality of greedy ranking can be extended to profit maximization.

Exact optimality of greedy ranking. We establish in Theorem 1 that if the distribution F admits a

non-increasing and convex density function, the exact welfare-optimal solution is achieved by greedy

ranking and dynamically optimizing wages via backward induction. These conditions correspond

to settings where wage incentives yield diminishing marginal returns on acceptance probabilities

at a decelerating rate, a property satisfied by many standard distributions (Uniform, Exponential,

Pareto, etc).

Empirical robustness. Beyond our theoretical sufficient conditions, extensive numerical simula-

tions demonstrate strong empirical evidence that the greedy ranking sequence remains optimal

across a broad class of distributions (??). Motivated by these empirical findings, we develop a

computer-assisted proof to formally certify the exact global optimality of the greedy sequence for

several standard distributions. Even in environments where we force the greedy heuristic to fail

(e.g., highly skewed Weibull distributions), the observed optimality gap never exceeds 10% in the

worst case, and drops to less than 1% on average.

Worst-case guarantees. To complement our empirical observations and formalize the perfor-

mance limits of the greedy heuristic when it is suboptimal, we establish tight worst-case guarantees.

We know from the prophet inequality literature and its connection to sequential pricing (Correa
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Figure 1 Classification of probability distributions F based on the level of evidence supporting the exact global

optimality of the greedy ranking sequence.

et al. 2019) that 1/2 serves as a universal lower bound relative to the offline optimum. Although this

competitive ratio remains asymptotically tight in our setting, we demonstrate that our additional

structure allows for a strict improvement over 1/2 for any finite n: the greedy policy guarantees at

least a n/(2n− 1) fraction of the prophet benchmark.

1.2. Connection to an open theoretical problem in prophet inequalities

Our joint optimization problem can be framed as a free-order prophet inequality problem (see

Hill 1983, for problem definition). In the general formulation, determining the optimal sequencing

rule is computationally intractable and known to be NP-hard (Agrawal et al. 2020). However, our

environment exhibits a specific structure: rather than the general problem, we are studying an

IID special case with location shifts, where each worker’s acceptance threshold is determined by a

heterogeneous parameter.

Because of this structure, we ask a very different question, which is characterizing the set of

distributions for which the greedy-rank-then-optimize-wages heuristic is optimal under any location
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shifts. A similar question has in fact previously intrigued ?; however, to the best of our knowledge,

our paper represents the only progress on this type of question since then.

1.3. Further Related Work

Matching and pricing in on-demand platforms. Our work contributes to the extensive literature

on pricing and matching in on-demand platforms. In this domain, the initial focus is on demand-

side pricing and spatial-temporal matching to balance overall network capacity, such as using

surge pricing to manage customer demand and network efficiency (Castillo et al. 2017, Bimpikis

et al. 2019). On the supply side, existing research primarily evaluates optimal wage contracts

and commission structures under the assumption of aggregate supply responses or self-scheduling

capacity (Cachon et al. 2017, Taylor 2018). Building on this, recent literature has increasingly

examined driver pricing and scheduling through a macroscopic, equilibrium lens (Besbes et al.

2021, Ma et al. 2022, Garg and Nazerzadeh 2022). These approaches generally assume the platform

acts as a macroscopic market maker, optimizing market-clearing prices across a broader pool of

agents rather than executing sequential, targeted offers to specific heterogeneous workers.

Sequencing and sequential pricing. The stochastic probing literature largely focuses on algo-

rithmic approximations for environments with exogenous acceptance probabilities. Purohit et al.

(2019) formalize the hiring under uncertainty problem, demonstrating that greedy heuristics are

generally suboptimal under arbitrary acceptance probabilities. Epstein and Ma (2024) employ lin-

ear programming relaxations and dependent rounding to establish constant-factor approximations

for sequential and parallel offering models subject to strict capacity constraints. A fundamental

distinction in our setting is that acceptance probabilities are endogenous via the optimal wage de-

cision. Surprisingly, this can make the optimal policy easier to compute by preventing adversarial

sequence of acceptance probabilities.

A second stream of literature scales sequential decision-making to endogenous settings, where

platform actions jointly dictate acceptance probabilities and rewards. Performance in this domain

is typically evaluated against offline prophet benchmarks. While allowing the decision-maker to
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optimize the sequence—the free-order variant—improves competitive ratios (Beyhaghi et al. 2021,

Peng and Tang 2022), the analytical focus remains reliant on fractional approximations. Extending

these frameworks to two-sided networks, Pollner et al. (2024) analyze sequential pricing on bipartite

graphs. More recently, Derakhshan et al. (2026) investigate an action-reward framework, utilizing

a configuration linear program and an efficient polynomial-time approximation scheme (EPTAS)

oracle to bypass severe integrality gaps. Our work departs from this reliance on algorithmic approx-

imation; we return to exact structural optimality, mapping the specific distributional conditions

under which exact dynamic programming aligns perfectly with simple greedy sequencing.

2. The Model

We consider the sequential offering problem faced by on-demand platforms. The platform seeks to

fulfill a job, which yields a value v if completed, by matching it with one worker from a finite pool

I = [n].

To fulfill the job, worker i∈ I incurs a total cost of ci+Zi, where ci is a deterministic scalar that

captures platform-observable components, and Zi is a random variable with cumulative distribution

function (CDF) F representing private factors. For instance, in food delivery platforms, ci can

account for attributes such as heterogeneous locations and expected travel times, as well as batching

efficiencies if the worker already has another job in their bag. Within this same context, Zi captures

unobservable idiosyncratic preferences that are treated as independent and identically distributed

(i.i.d.) across workers to comply with fairness norms and regulations against behavioral price

discrimination. Given this cost structure, worker i will accept a total wage of wtotal
i if and only if

it compensates for their total cost, wtotal
i ≥ ci+Zi. Upon acceptance, the platform realizes a profit

of v−wtotal
i , and the worker derives a surplus of wtotal

i − ci−Zi. The total welfare generated by the

match is the sum of these payoffs, v− ci−Zi.

We normalize the platform’s offer and the job’s value against the observable cost ci by defining

the net wage as wi ≜wtotal
i − ci and the net value as vi ≜ v− ci. Under these definitions, the worker

accepts the offer when their private cost falls below the net wage (Zi ≤wi), yielding an acceptance
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probability of F (wi). If they accept, the platform’s profit is vi−wi and the total welfare generated

is vi − Zi. Thus, the problem environment is fully characterized by the distribution F and net

values v= (v1, . . . , vn)∈Rn.

The platform’s problem consists of making sequential take-it-or-leave-it offers, jointly deciding

the sequence in which workers are approached and the net wage to offer. Formally, the platform

selects a ranking policy σ, defined as a bijection σ : [n] → I, that dictates the order in which

workers are approached, alongside a sequence of net wages w = (w1,w2, . . . ,wn) ∈ Rn. At each

step t = 1, . . . , n, the platform approaches worker σ(t) and offers wt. With probability F (wt),

the offer is accepted, and the job is fulfilled, yielding welfare of vσ(t) − Zσ(t).
1 If the offer is re-

jected, the platform proceeds to step t + 1. Since private costs (Zi)i are i.i.d., the platform’s

objective depends on the ranking policy solely through the induced sequence of net values. Let

Π(v)≜ {(vσ(1), vσ(2), . . . , vσ(n)) | σ : [n]→ I is bijective} denote the set of all such permutations. We

streamline our notation by evaluating policies directly via their corresponding sequence u∈Π(v),

expressing the expected welfare under net wages w as

V (u,w) =
n∑
t=1

(
t−1∏
s=1

(1−F (ws))

)
F (wt)E[ut−Z |Z ≤wt]. (1)

To evaluate and compare ranking policies under their respective optimal wages, we overload the

notation and define the maximum expected welfare achievable under sequence u as V (u), and

the performance of the optimal policy as OPT(v) ≜maxu∈Π(v) V (u). We assume without loss of

generality that the worker pool is indexed such that v1 ≥ v2 ≥ · · · ≥ vn, such that the greedy ranking

policy is represented by v ∈Π(v), and we denote its performance by GRE(v)≜ V (v).

This sequential offering problem fits into the broad literature on sequential posted pricing and

optimal stopping problems. In particular, for any given sequence, the optimal wages can be solved

efficiently via dynamic programming. The sequencing decision, however, poses a significant theo-

retical challenge: although irrelevant in a purely i.i.d. environment, it is computationally NP-hard

1 While our main exposition focuses on welfare, in Appendix B we generalize our framework to capture profit maxi-

mization.
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when arbitrarily heterogeneous distributions are allowed (Agrawal et al. 2020). Crucially, our set-

ting exhibits a location-shift structure. Because workers are homogeneous in their distribution of

unobservable private costs, their reservation wage distributions are simply shifted by net values vi.

This specific structure interpolates between the two contrasting regimes and motivates a natural

heuristic: a greedy ranking policy that approaches workers in descending order of their observable

net values.

In what follows, we leverage this structure to characterize the optimal wages and, more im-

portantly, to derive a tractable recursion for V (u) that allows us to systematically analyze and

compare different ranking policies.

3. Optimality of Greedy Ranking

In this section, we establish the exact optimality of the greedy ranking policy. We first derive

a closed-form recursive solution for the optimal wages and welfare objective under an arbitrary

sequence, and then leverage the structure to study adjacent pairwise swaps.

3.1. Optimal Wages

Given a sequence u ∈ Π(v), the wage optimization problem is a finite-horizon dynamic program

over the sequence of workers. Let V (ut:n) denote the optimal expected continuation value derived

from the remaining sequence of workers from step t to n, with the convention that V (un+1:n) = 0.

At each step t ∈ [n], the platform decides the wage wt to offer the current worker, balancing the

immediate expected welfare against the continuation value. The Bellman equation is given by:

V (ut:n) =max
wt∈R

{
F (wt)

(
ut−E[Z |Z ≤wt]

)
+
(
1−F (wt)

)
V (ut+1:n)

}
= V (ut+1:n)+max

wt∈R

{
F (wt)

(
ut−E[Z |Z ≤wt]−V (ut+1:n)

)}
. (2)

Notice that the optimal wage depends entirely on the marginal value of the current worker on

top of the downstream continuation value, x≜ ut−V (ut+1:n). To capture the expected incremental

welfare generated at any given step, we define the incremental value function

ψ(x)≜max
w∈R

{
F (w)

(
x−E[Z |Z ≤w]

)}
. (3)
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This function isolates the difference between the expected welfare objective at two consecutive

steps. The following lemma establishes that it is welfare-optimal to set the net wage equal to

the marginal value, causing worker σ(t) to accept whenever V (ut+1:n)≤ ut−Z, i.e. whenever the

welfare from them accepting exceeds the value-to-go V (ut+1:n).

Lemma 1. For any marginal value x ∈ R, the maximization in the incremental value function is

solved by setting w= x, which evaluates to:

ψ(x) =E[max{0, x−Z}] =
∫ x

−∞
F (s)ds. (4)

Consequently, the optimal wage at step t is wt = ut−V (ut+1:n), and the optimal continuation values

satisfy the recursion:

V (ut:n) = V (ut+1:n)+ψ
(
ut−V (ut+1:n)

)
, t∈ [n]. (5)

Proof. Let x ∈ R. Notice that for any wage w ∈ R, we have F (w)E[Z | Z ≤ w] = E[Z1{Z ≤

w}]. Hence, the maximization objective in Equation (3) simplifies to maxw∈RE[(x−Z)1{Z ≤w}],

which is at most E[max{0, x−Z}]. This upper bound is achieved by setting w = x, which aligns

the indicator to include all and only the realizations where x − Z ≥ 0. Finally, by expressing

max{0, x−Z}=
∫ x
−∞ 1{Z ≤ s}ds, we can apply Tonelli’s Theorem to interchange the expectation

and integral, completing the proof. □

3.2. Local Stability

Before proving global optimality, we establish that when wages are correctly optimized for the

greedy sequence v ∈ Π(v), no other ranking achieves higher expected welfare at those specific

wages. This ensures that if the current wages are optimized for the greedy sequence, then updating

the sequence alone cannot improve the welfare. This result acts as an essential component of our

global optimality proof.

To formalize this, consider two adjacent workers in a greedy sequence at positions t and t+1.

For the greedy sequence to be stable against a pairwise swap, the unconditional probability of
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the downstream worker accepting the offer cannot strictly exceed the unconditional probability of

the upstream worker accepting. If it did, the platform could strictly improve expected welfare by

swapping the two workers while holding the offered wages fixed, since the upstream worker has a

weakly higher observable value (vt ≥ vt+1). Therefore, stability requires:

F (wt+1)
(
1−F (wt)

)
≤ F (wt), ∀ t∈ [n]. (6)

Let x = vt+1 − V (vt+2:n) and y = vt − V (vt+2:n) denote their respective marginal values over the

shared future continuation value. By Lemma 1, it is welfare-optimal to set wt+1 = x and wt =

y − ψ(x). Substituting these into the stability condition and rearranging gives F (y − ψ(x)) ≥

F (x)

1+F (x)
. Because y ≥ x and F is non-decreasing, the left-hand side is naturally bounded below by

F (x−ψ(x)). Thus, to guarantee local stability for all possible value pairs, it is sufficient that the

distribution satisfies:

F (x−ψ(x))≥ F (x)

1+F (x)
, ∀x∈R. (7)

The following lemma establishes that this property is satisfied when the cost distribution F is

concave, representing diminishing marginal returns in acceptance probability.

Lemma 2. Assume the cumulative distribution function F is continuous, satisfies F (0) = 0, and

has a non-increasing density function. Then, Equation (7) holds and greedy ranking is stable under

welfare-optimal wages.

Proof. Using the linearity of integrals, we rewrite the argument as x−ψ(x) =
∫ x
0
(1−F (t))dt.

This integral exactly represents the expected value of min(Z,x), where Z ∼ F . Let Zx =min(Z,x).

Since Z ≥ 0, the expected value is E[Zx] = x−ψ(x).

Because the density function is non-increasing, F is concave on its support. By Jensen’s Inequal-

ity, F (E[Zx])≥ E[F (Zx)]. Evaluating the right-hand side yields E[F (Zx)] =
∫ x
0
F (t)dF (t) + P(Z >

x)F (x) = 1
2
F (x)2 +(1−F (x))F (x) = F (x)− 1

2
F (x)2.

Therefore, Jensen’s inequality implies F (x − ψ(x)) ≥ F (x) − 1
2
F (x)2. To verify that F (x) −

1
2
F (x)2 ≥ F (x)

1+F (x)
, multiply both sides by 1 + F (x)≥ 0, yielding F (x) + 1

2
F (x)2(1− F (x))≥ F (x).

Since F (x)∈ [0,1], this inequality is always satisfied, completing the proof. □
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3.3. Global Optimality

In the previous subsection, we established that the greedy ranking is locally stable when paired with

its optimal wages, provided the cost distribution features diminishing marginal returns. However,

local stability between two workers does not automatically guarantee that the greedy assignment

is globally optimal against all possible permutations.

To prove global optimality, we use a swapping argument. Consider an arbitrary non-greedy

sequence u∈Π(v) \ {v} and identify an adjacent inverted pair, where the worker at the upstream

position has a strictly lower observable value than the worker at the downstream position. We

then evaluate the impact of swapping their positions to place the superior worker first. Crucially,

simply flipping the workers’ positions while holding their offered wages constant is insufficient and

will generally decrease welfare. Because the optimal wage is intrinsically linked to the continuation

value, altering the order fundamentally changes the mathematically correct wage for the new

upstream position. Therefore, we must dynamically recalculate the optimal prices for the newly

swapped pair.

Let t and t+1 be the positions of an adjacent inverted pair, such that ut <ut+1. We define the

marginal values of these two workers over the shared future continuation value as x= ut−V (ut+2:n)

and y= ut+1−V (ut+2:n). Because the pair is inverted, we have x< y. Applying the recursion from

Lemma 1, we directly evaluate the expected continuation value extracted from this pair in the

original non-greedy order:

V (ut+1:n) = V (ut+2:n)+ψ(ut+1 −V (ut+2:n))

= V (ut+2:n)+ψ(y), and

V (ut:n) = V (ut+1:n)+ψ
(
ut−V (ut+1:n)

)
= V (ut+2:n)+ψ(y)+ψ

(
x−ψ(y)

)
.

If we swap their positions and re-optimize the wages, the downstream worker now has margin x,

adding ψ(x) to the continuation value V (ut+2:n). The upstream worker faces a margin of y−ψ(x),

resulting in a new expected continuation value of V (ut+2:n)+ψ(x)+ψ(y−ψ(x)).
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We define the swap difference D(x, y) as the expected welfare difference between the swapped

sequence and the original sequence:

D(x, y)≜ψ
(
y−ψ(x)

)
+ψ(x)−ψ

(
x−ψ(y)

)
−ψ(y). (8)

If D(x, y)≥ 0 for all x≤ y, then this swap weakly improves expected welfare. By iteratively swap-

ping adjacent inverted pairs, any non-greedy sequence can be transformed into the greedy sequence

v without decreasing expected welfare. This establishes that no sequence strictly outperforms the

greedy sequence.

To guarantee that this swap difference is always non-negative, we impose an additional assump-

tion on the distribution. While local stability in Lemma 2 is satisfied by a non-increasing density,

global optimality is guaranteed if we further assume this density is convex.

Theorem 1. Assume the cumulative distribution function F is continuous, satisfies F (0) = 0, and

admits a convex probability density function f , then GRE(v) =OPT(v) for all v ∈Rn.

Proof. Fix the superior worker’s margin y ≥ 0 and consider the swap difference D(x, y) as a

function of the inferior worker’s margin x on the domain x≤ y. At the boundary where the workers

are identical, substituting x= y into Equation (8) yields D(y, y) = 0.

We evaluate the first partial derivative with respect to x:

∂D

∂x
(x, y) =ψ′(x)

[
1−ψ′(y−ψ(x)

)]
−ψ′(x−ψ(y)

)
. (9)

Evaluating this derivative at the boundary x= y yields ∂D
∂x

(y, y) =ψ′(y)[1−ψ′(y−ψ(y))]−ψ′(y−

ψ(y)). Because ψ′(w) = F (w), this recovers the local stability condition established in Equation (7).

Since F is concave, ∂D
∂x

(y, y)≤ 0.

To prove that D(x, y) never drops below zero for x < y, it is sufficient to show that its partial

derivative ∂D
∂x

(x, y) is a convex function of x. If this derivative is convex and terminates at a non-

positive value at x= y, it crosses the horizontal axis at most once from positive to negative. This

property forces D(x, y) to be quasi-concave, ensuring it remains non-negative on the domain x≤ y.
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We verify this convexity by evaluating the third partial derivative. Taking two additional deriva-

tives of ∂D
∂x

(x, y) with respect to x, and substituting ψ′ = F , ψ′′ = f , and ψ′′′ = f ′, yields:

∂3D

∂x3
(x, y) = f ′(x)

[
1−F

(
y−ψ(x)

)]
+3F (x)f(x)f

(
y−ψ(x)

)
−F (x)3f ′(y−ψ(x)

)
− f ′(x−ψ(y)

)
.

(10)

We group the terms of this third derivative to show that the expression is non-negative:

1. The term 3F (x)f(x)f(y−ψ(x)) is non-negative because both the cumulative distribution and

the probability density are non-negative.

2. The term −F (x)3f ′(y−ψ(x)) is non-negative because the concavity of F requires its density

f to be non-increasing, implying f ′ ≤ 0.

3. We group the remaining terms into [f ′(x)− f ′(x− ψ(y))]− f ′(x)F (y − ψ(x)). Because f is

convex, its derivative f ′ is non-decreasing. Since ψ(y)≥ 0, we have x−ψ(y)≤ x, which implies

f ′(x)− f ′(x−ψ(y))≥ 0. The remaining component −f ′(x)F (y−ψ(x)) is non-negative since

f ′ ≤ 0 and F ≥ 0.

Summing these components confirms that ∂3D
∂x3

(x, y)≥ 0. Consequently, the first partial derivative

∂D
∂x

(x, y) is convex in x, forcing D(x, y) to be quasi-concave. Since D(y, y) = 0, it follows that

D(x, y)≥ 0 for all x≤ y. Therefore, any adjacent swap toward the greedy sequence weakly improves

expected welfare, completing the proof. □

Theorem 1 establishes that the greedy sequence is globally optimal when the cost distribution

exhibits a non-increasing, convex density. This structural condition corresponds to environments

where wage incentives yield diminishing marginal returns on acceptance probabilities at a decel-

erating rate. While these properties are satisfied by several standard distributions, they serve as

sufficient rather than strictly necessary conditions. In the following section, we explore the empirical

robustness of the greedy heuristic when these market conditions are not satisfied.

4. Numerical Experiments

In Section 3, we established that greedy ranking is welfare-optimal when the private cost distribu-

tion exhibits a non-increasing and convex probability density function. These conditions correspond
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to settings where wage incentives yield diminishing marginal returns on acceptance probabilities

at a decelerating rate, a property satisfied by many standard distributions (Uniform, Exponential,

Pareto, etc). In this section, we study the empirical performance of the greedy ranking policy across

a broad class of distributions that do not satisfy our sufficient conditions from Theorem 1.

4.1. Simulation Setup

For every tested distribution, we first search for net values that make the greedy ranking subop-

timal. As established in Section 3, it is sufficient to search environments with n= 2 workers. We

search over net values between 0 and 5 times the mean of the distribution, using steps of 0.01. If we

find net values for which the greedy policy is suboptimal, we then explore how the suboptimality

gap changes for larger sequence lengths (n> 2).

4.2. Numerical Success and Further Formal Certification

Our numerical evaluation reveals widespread numerical success for most tested distributions, in-

cluding the Normal, Log-normal, Logistic, and Log-logistic distributions. Indeed, under these dis-

tributions, our simulations do not find any pair of net values for which the greedy sequence is

suboptimal. To take these results a step beyond partial empirical evidence, we sought formal certi-

fication for these environments. In Appendix D, we developed a rigorous computer-assisted proof

framework that transforms the continuous domain into a finite, adaptive grid, allowing us to for-

mally certify the exact global optimality of the greedy ranking for the Half-Normal and Log-normal

distributions. Furthermore, for the Logistic case, exact optimality can be proven analytically (see

Appendix A).

4.3. Suboptimal Environments

Finding standard continuous distributions under which greedy ranking becomes suboptimal is

surprisingly difficult. One systematic way to identify such instances is to break the local stability

condition defined in Subsection 3.2. Specifically, taking the marginal value x→∞ in Equation (7)
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Figure 2 Worst-case optimality ratio of the greedy heuristic under a Weibull distribution (λ= 1.0) for n= 2.

reveals a fundamental boundary for the optimality of greedy ranking. Since F (x) → 1 and x −

ψ(x) =E[min(Z,x)]→E[Z], a necessary condition for the greedy ranking to remain stable at large

margins is that the mean of the base distribution must be weakly greater than its median. This

motivates the study of a Weibull distribution with shape parameter k and scale λ, since its mean is

defined by the Gamma function λΓ(1+1/k) and its median is λ(ln2)1/k, meaning that the stability

condition is violated whenever the shape parameter exceeds k0 ≈ 3.44.

We fix the scale parameter at λ= 1.0 and vary the shape parameter k to control the skewness

of the distribution. Figure 2 shows the worst-case ratio, defined as the lowest observed ratio of

greedy expected welfare to the dynamic optimum across our tested net values. For k ≤ 1, the

corresponding probability density function is decreasing and convex, satisfying the conditions of

Theorem 1 that ensure the optimality of greedy ranking. In the intermediate regime 1 < k ≤ k0,

our numerical evaluation finds no suboptimal pairs of net values, providing empirical evidence that

greedy ranking remains optimal. In contrast, for all parameters k ≥ k0, the mean lies below the

median, and greedy ranking becomes suboptimal, with the ratio gradually decreasing as k grows

large. Nonetheless, even when extending our numerical evaluation to extreme shape parameters up

to k= 100, the minimum optimality ratio remains above 96%.
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(a) Worst-case ratio. (b) Average ratio.

Figure 3 Performance of the greedy heuristic under a Weibull distribution (k= 10) as n increases.

To explore how this optimality gap evolves with the number of workers n, we fix the shape

parameter at k = 10 and evaluate the all possible ranking policies across the same grid of net

values. Figure 3a shows that the worst-case ratio initially decreases by roughly 0.25% when adding

one extra worker at n= 3, but stabilizes for larger values of n. In contrast, the average ratio across

the evaluated grid decays almost linearly as n increases, but remains above 99.9% (see Figure 3b).

These numerical results motivate the study of universal worst-case guarantees, which we establish

in Section 5.

5. Worst-case Guarantees

We benchmark the greedy ranking against two baselines: the online optimum OPT(v) =

maxu∈Π(v) V (u), which optimizes over all sequences, and the offline prophet OFF(v) ≜

E[maxi∈I{(vi −Zi)
+}], which observes all cost realizations in hindsight. The classical prophet in-

equality establishes that even if we cannot choose the order, there is a universal lower bound of

1/2: for any distribution F , net values v, and sequence length n, any online policy achieves at least

half the prophet benchmark (Krengel and Sucheston 1977, Samuel-Cahn 1984).

This bound is tight in the general heterogeneous setting, where the classic worst-case instance

constructs variables with vastly different variances. However, this instance cannot be cast under our

location-shift structure,Xi = (vi−Zi)+ with Zi ∼ F , because the underlying uncertainty is identical
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across all workers, locking the variance and tail shapes. Since the greedy ranking evaluates workers

in decreasing order of observable values (v1 ≥ · · · ≥ vn), the location-shift structure guarantees that

the expected positive surplus from the current worker bounds that of any subsequent worker. By

exploiting this monotonicity, we prove a tighter lower bound for finite sequences. Specifically, our

bound is parameterized by n and performs better for small n, even though it also converges to the

standard 1/2 in the worst case as n→∞.

Theorem 2. For any sequence of n ≥ 1 workers with net values v1 ≥ v2 ≥ · · · ≥ vn > 0, and any

cost distribution F ,

V (v)

OFF(v)
≥ n

2n− 1
. (11)

Proof. Let Gk ≜ V (vk:n) denote the greedy continuation value from the k-th worker onwards,

with Gn+1 = 0. By Lemma 1, Gk =Gk+1 +ψ(vk−Gk+1) for each k ∈ [n], and G1 = V (v).

For any constant c ≥ 0 and random variables Xi = (vi − Zi)
+, the pointwise bound maxiXi ≤

c+
∑

i(Xi−c)+ holds. Setting c=G2 ≥ 0 and taking expectations, the identity E[((vi−Zi)+−c)+] =

ψ(vi− c) yields

OFF(v)≤G2 +ψ(v1 −G2)+
n∑
j=2

ψ(vj −G2).

The first two terms equal G1 by the recursion for G1. Defining S2 ≜
∑n

j=2ψ(vj −G2),

OFF(v)≤G1 +S2.

We derive two upper bounds on S2. First, since v1 ≥ vj for all j ≥ 2 and ψ is non-decreasing,

S2 ≤ (n− 1)ψ(v1 −G2).

Second, define Sk =
∑n

j=k ψ(vj −Gk) for k≥ 2, with Sn+1 = 0. Since Gk ≥Gk+1, monotonicity of ψ

gives ψ(vj −Gk)≤ψ(vj −Gk+1) for j ≥ k+1. Separating the leading term,

Sk ≤ψ(vk−Gk)+Sk+1 = (Gk−Gk+1)+Sk+1.

Telescoping from k= 2 to n yields S2 ≤G2.
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Combining (n− 1) copies of S2 ≤G2 with one copy of S2 ≤ (n− 1)ψ(v1 −G2),

n ·S2 ≤ (n− 1)
[
G2 +ψ(v1 −G2)

]
= (n− 1)G1,

so S2 ≤ n−1
n
G1. Substituting back,

OFF(v)≤G1 +
n−1
n
G1 =

2n−1
n

G1,

completing the proof. □

As n→∞, the lower bound n/(2n− 1) converges to 1/2. To establish that this finite-horizon

bound is tight, we evaluate greedy ranking and the optimal online policy OPT(v) under a Bernoulli

distribution.

Let the cost Z ∈ {0,1} follow a Bernoulli distribution, where p= P(Z = 1) denotes the probability

of a high cost realization. We construct a sequence of observable values:

vk = 1+ (n− k)(1− p), for k ∈ {1, . . . , n}.

Evaluating greedy ranking via backward induction on this sequence yields V (v) = n(1− p). The

online optimum is achieved by deferring the highest-value worker to the final position, yielding:

OPT(v) = (n− 1)(1− p)+n(1− p)pn−1.

The approximation ratio for this instance is:

V (v)

OPT(v)
=

n(1− p)

(n− 1)(1− p)+n(1− p)pn−1
=

n

(n− 1)+npn−1
.

Taking the limit as p→ 1:

lim
p→1

V (v)

OPT(v)
=

n

(n− 1)+n
=

n

2n− 1
.

This establishes that the n/(2n− 1) bound is tight for every finite n. Since OPT(v)≤OFF(v),

the same ratio simultaneously governs the performance of greedy ranking relative to the offline

prophet.
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6. Concluding Remarks and Future Work

This paper studies the sequential offering problem faced by on-demand platforms, where the se-

quence of workers and the dynamic wage trajectory must be jointly optimized. By identifying a

location-shift structure arising from the observable heterogeneity among workers, we bridge the

analytical gap between trivial i.i.d. environments and computationally intractable, arbitrarily het-

erogeneous settings.

Our main result establishes that when the unobservable cost distribution exhibits a non-

increasing and convex density, the exact optimal policy is structurally simple: the platform should

rank workers greedily by their observable net values and optimize wages dynamically via backward

induction. In these settings, attempting to exploit dynamic pricing by sending initial low offers to

inferior matches is strictly suboptimal.

Beyond these sufficient conditions for exact optimality, we demonstrate the robustness of this

greedy heuristic through numerical experiments and additional theoretical results. We find strong

empirical evidence for the optimality greedy ranking across several relevant distributions, even pro-

viding computer-aided proofs for specific cases. Moreover, even under suboptimal environments, the

empirical optimality gap is surprisingly small, and we further establish tight worst-case guarantees

for the performance of this greedy heuristic.

Several promising directions remain for future research. While our model focuses on sequential

search for a single job, extending this framework to incorporate multiple jobs, parallel offerings,

or correlated values would capture additional operational complexities. Furthermore, integrating

online learning into the model to account for shifts in the platform’s belief over the cost distribution

F presents a valuable avenue for real-world platform operations (see Appendix C).
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Appendix A: Proof for Logistic Distribution

In this section, we specifically study case of Logistic distribution, with cumulative distribution func-

tion F (x) = 1
1+e−x , which is highly relevant in discrete choice theory as the foundational probability

model for Multinomial Logit (MNL) frameworks.

Proposition EC.1. Suppose the private cost Z follows a standard Logistic distribution. Then the

swap difference is identically zero, D(x, y)≡ 0 for all x, y ∈ (−∞,∞). Consequently, any ranking

sequence yields the exact same expected welfare, and the greedy policy is globally optimal.

Proof. The integrated cumulative distribution function evaluated from the lower bound of the

support is given by:

ψ(x) =

∫ x

−∞
F (t)dt=

∫ x

−∞

et

1+ et
dt= ln(1+ ex)

Recall from Section 3.3 that the swap difference is evaluated directly as D(x, y) =ψ(y−ψ(x))+

ψ(x)− ψ(x− ψ(y))− ψ(y). We evaluate the nested arguments to solve for D(x, y). Substituting

ψ(y) into the downstream margin’s shifted argument yields:

x−ψ(y) = x− ln(1+ ey) = ln

(
ex

1+ ey

)
Applying the integrated CDF ψ to this shifted argument yields:

ψ(x−ψ(y)) = ln

(
1+

ex

1+ ey

)
= ln

(
1+ ey + ex

1+ ey

)
= ln(1+ ex+ ey)− ln(1+ ey)

By exact symmetry, evaluating the upstream worker’s shifted margin yields:

ψ(y−ψ(x)) = ln(1+ ex+ ey)− ln(1+ ex)

Substituting these evaluated terms back into the swap difference equation gives:

D(x, y) = [ln(1+ ex+ ey)− ln(1+ ex)]+ ln(1+ ex)

− [ln(1+ ex+ ey)− ln(1+ ey)]− ln(1+ ey)

All terms cancel perfectly, yielding D(x, y) = 0 for all x and y. Because any adjacent swap leaves

the expected continuation value mathematically unchanged, sequence ranking is irrelevant. □

This result reveals a connection to discrete choice theory. Specifically, the nested continuation

values exactly mirror the standard Multinomial Logit (MNL) inclusive value (log-sum) formula.

This sequence indifference is a direct manifestation of the Independence of Irrelevant Alternatives

(IIA) property inherent to the Logistic distribution, dictating that the expected platform payoff

remains perfectly invariant regardless of the order in which offers are made.
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Appendix B: A Unified Quantile Framework for Sequential Offering

In this section, we extend the framework to establish the exact optimality of the greedy rank-

ing across a variety of platform objectives, including profit maximization. We abstract away the

wage space and formulate the platform’s sequential dynamic program in the quantile (acceptance

probability) space.

B.1. The Generalized Cost Model

Rather than directly choosing a wage w, the platform effectively chooses a target acceptance

probability q ∈ [0,1], which corresponds to offering a wage of w= F−1(q). If the platform approaches

the worker i∈ I with a target acceptance probability q, the expected reward is:

Ri(q) = viq−K(q). (EC.1)

The function K(q) represents the expected cost incurred by the platform to induce an acceptance

probability q. We consider three primary operational objectives:

1. Welfare Maximization: The platform seeks to maximize total generated surplus vi−Zi. The

expected cost is the worker’s expected private cost conditional on acceptance, KW (q) =∫ q
0
F−1(s)ds.

2. Profit Maximization: The platform strictly maximizes its expected revenue minus the wage

paid. The cost is the expected wage expenditure, KΠ(q) = qF−1(q).

3. Weighted Objective: Platforms frequently face regulatory or operational pressure to balance

profit with worker welfare using a weight parameter α∈ [0,1],Kα(q) = αKΠ(q)+(1−α)KW (q).

To ensure the optimal dynamic pricing policies are mathematically well-defined, we formalize

the requirements on the cost function:

Assumption EC.1. The cost function K(q) is strictly convex (i.e., K ′′(q) > 0) and four times

continuously differentiable on q ∈ (0,1).

Remark: For welfare maximization, K ′′
W (q) = 1/f(w) > 0 holds naturally since F (w) is strictly

increasing. For profit maximization, strict convexity of KΠ(q) is mathematically equivalent to

assuming the virtual cost function w+F (w)/f(w) is strictly increasing, which aligns perfectly with

standard regularity assumptions in mechanism design.

B.2. Optimal Quantiles via Conjugate Duality

Fix a sequence of workers u∈Π(v). Let V (ut+1:n) denote the optimal expected continuation value

derived from the downstream sequence from step t+ 1 to n. At step t, the platform selects q to

maximize the immediate expected payoff plus the continuation value:

V (ut:n) = V (ut+1:n)+ max
q∈[0,1]

{q(ut−V (ut+1:n))−K(q)} (EC.2)
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Notice that the optimal quantile depends entirely on the margin x≜ ut−V (ut+1:n). We define the

generalized incremental surplus function ψ(x) as the convex conjugate (Legendre-Fenchel dual) of

the cost function K(q):

ψ(x)≜ max
q∈[0,1]

{qx−K(q)} (EC.3)

Remark: For the welfare objective KW (q), this dual formulation perfectly recovers the surplus

function ψ(x) =
∫ x
−∞F (s)ds utilized in Section 3.

By Assumption EC.1, the strict convexity of K(q) guarantees a unique optimal probability q∗(x)

characterized by the first-order condition x=K ′(q) (restricting to margins where the unconstrained

probability is interior). By standard conjugate duality (and the Envelope Theorem), the derivative

of the surplus function evaluates exactly to this optimal acceptance probability:

ψ′(x) = q∗(x) = (K ′)−1(x) (EC.4)

Consequently, the dynamic programming recursion cleanly simplifies to V (ut:n) = V (ut+1:n) +

ψ(ut−V (ut+1:n)), perfectly mirroring the structure established in Lemma 1.

B.3. Global Optimality of Greedy Ranking

To prove that the greedy ranking (sorting by descending order of ut) is globally optimal, we consider

the expected welfare difference between an arbitrary sequence and a sequence where an adjacent

inverted pair is swapped. Let x and y be the margins of the downstream and upstream workers,

respectively (x≤ y). As established in Equation (7), the expected difference is:

D(x, y)≜ψ(y−ψ(x))+ψ(x)−ψ(x−ψ(y))−ψ(y) (EC.5)

As proven in Theorem 1, global optimality (D(x, y)≥ 0) is guaranteed if the expected acceptance

probability function ψ′(x) is concave (ψ′′′(x) ≤ 0) and its derivative is convex (ψ(4)(x) ≥ 0). By

evaluating the derivatives of the inverse function ψ′(x) = (K ′)−1(x), we map this requirement

directly to the structural properties of K(q).

Theorem EC.1. For any objective parameterized by a strictly convex cost function K(q), the

greedy ranking is globally optimal if K(q) satisfies the following conditions for all q ∈ (0,1):

1. K ′′′(q)≥ 0

2. 3(K ′′′(q))2 −K(4)(q)K ′′(q)≥ 0

Proof. Applying the Inverse Function Theorem to ψ′(x) = (K ′)−1(x) yields ψ′′(x) = 1/K ′′(q).

Applying the chain rule dq
dx

=ψ′′(x) to subsequent derivatives yields:

ψ′′′(x) =
−K ′′′(q)

(K ′′(q))3

ψ(4)(x) =
3(K ′′′(q))2 −K(4)(q)K ′′(q)

(K ′′(q))5
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Since strict convexity dictates K ′′(q)> 0, the denominators are strictly positive. Thus, ψ′′′(x)≤ 0

holds if and only if K ′′′(q) ≥ 0, and ψ(4)(x) ≥ 0 holds if and only if the numerator 3(K ′′′(q))2 −
K(4)(q)K ′′(q)≥ 0. □

The quantile formulation provides a universal test for global optimality, allowing us to map the

conditions of Theorem EC.1 directly back to the physical probability density function f(w). Note

that derivatives with respect to q can be mapped to derivatives with respect to w via the chain

rule dw
dq

= 1
f(w)

.

Profit Maximization. For the profit cost functionKΠ(q) = qF−1(q), the first derivative recovers

the standard virtual cost formulation K ′
Π(q) =w+F (w)/f(w). The higher-order derivatives yield:

K ′′
Π(q) =

2f(w)2 −F (w)f ′(w)

f(w)3

K ′′′
Π (q) =

−F (w)f(w)f ′′(w)+ 3F (w)(f ′(w))2 − 3f(w)2f ′(w)

f(w)5

Proposition EC.2. For a profit-maximizing platform, if the cost distribution exhibits a non-

increasing (f ′(w) ≤ 0) and log-concave (f(w)f ′′(w) ≤ (f ′(w))2) density, then the effective accep-

tance probability is strictly concave (Condition 1 holds).

Proof. Log-concavity bounds the second derivative such that −F (w)f(w)f ′′(w) ≥
−F (w)(f ′(w))2. Since F (w)≥ 0 and f ′(w)≤ 0, the remaining terms in the numerator of K ′′′

Π (q),

specifically 2F (w)(f ′(w))2−3f(w)2f ′(w), are unconditionally non-negative. Summing these bounds

ensures K ′′′
Π (q)≥ 0. □

Remark: It is intuitively tempting to conjecture that log-concavity also perfectly guarantees the

fourth-order global sufficiency condition (Condition 2). However, evaluating K
(4)
Π (q) introduces the

third derivative of the density, f ′′′(w), which is unbounded by standard log-concavity. Thus, global

optimality must be verified exactly for canonical distributions.

Theorem EC.2. For a profit-maximizing platform, if the unobservable private costs follow a Uni-

form or Exponential distribution, the greedy ranking is exactly globally optimal.

Proof. For the Uniform distribution (f(w) = 1/a,F (w) = w/a), the virtual cost is K ′
Π(q) =

2w. Subsequent derivatives yield K ′′
Π(q) = 2a, and identically K ′′′

Π (q) =K
(4)
Π (q) = 0. This trivially

satisfies both sufficiency conditions of Theorem EC.1.

For the Exponential distribution (f(w) = λe−λw), the derivatives with respect to q evaluate

precisely to:

K ′′
Π(q) = λ−1

(
eλw+ e2λw

)
K ′′′

Π (q) = λ−1
(
e2λw+2e3λw

)
K

(4)
Π (q) = λ−1

(
2e3λw+6e4λw

)
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Condition 1 (K ′′′
Π ≥ 0) holds trivially. Evaluating the expression for Condition 2 yields:

3(K ′′′
Π (q))2 −K

(4)
Π (q)K ′′

Π(q) = λ−2
[
3
(
e2λw+2e3λw

)2 − (2e3λw+6e4λw
) (
eλw+ e2λw

)]
= λ−2

[(
3e4λw+12e5λw+12e6λw

)
−
(
2e4λw+8e5λw+6e6λw

)]
= λ−2

[
e4λw+4e5λw+6e6λw

]
≥ 0

Because both conditions are strictly satisfied everywhere, the Exponential distribution geometri-

cally guarantees exact global optimality. □

Appendix C: Robustness to Deterministically Decaying Markets

In our baseline model, we assumed that the reservation cost distribution F remains stationary

across all positions in the sequence. In practice, however, on-demand platforms often deploy pre-

defined operational pipelines to handle sequential rejections. For instance, when an initial offer is

rejected, the platform may systematically relax geographic matching radii or extend the search to

lower-tier worker pools. Even without explicit platform interventions, the sheer passage of time

after multiple rejections naturally shrinks the remaining delivery window, effectively increasing the

remaining workers’ private fulfillment costs.

To clearly model the temporal progression of such a pipeline, let t ∈ [n] denote the forward

index of the sequence of offers. At step t, the approached worker draws a private cost from a

time-specific distribution Ft. We capture the systematic escalation of expected costs by modeling a

deterministically decaying market, formalized via First-Order Stochastic Dominance (FOSD) across

the sequence of steps.

Definition EC.1 (Deterministically Decaying Market). A sequential offering market is

deterministically decaying if the unobservable private costs stochastically increase over time. Equiv-

alently, the acceptance probabilities systematically decay, satisfying First-Order Stochastic Domi-

nance (FOSD): F1(w)≥ F2(w)≥ · · · ≥ Fn(w) for all w ∈R.

Intuitively, deteriorating acceptance probabilities might seem to break the greedy heuristic, po-

tentially incentivizing the platform to strategically “save” the highest-value workers for later stages

to offset the worsening market conditions. Surprisingly, our next result establishes that the greedy

ranking remains universally optimal. Furthermore, the mathematical mechanics reveal that the

systematic decay completely absorbs the structural shape constraints entirely in the initial step of

the pipeline.

Theorem EC.3. Consider a deterministically decaying market over n≥ 2 steps with a worker pool

of observable net values v1 ≥ v2 ≥ · · · ≥ vn > 0. Assume the initial cost distribution F1 has a support

bounded below. If for every downstream step t ∈ {2,3, . . . , n}, the cost distribution Ft satisfies the



e-companion to Author: Greedy Sequential Offering ec7

baseline stability conditions (i.e., its CDF is concave on its support and admits a convex probability

density function), then the greedy sequence v ∈Π(v) is globally optimal. Crucially, the initial step’s

distribution F1 requires no shape constraints whatsoever.

Proof. We prove global optimality using an adjacent-swap argument evaluated via backward

induction. Following Lemma 1, let V (ut:n) denote the optimal expected continuation value from

step t onward, with the terminal condition V (un+1:n) = 0. For any sequence u∈Π(v), the dynamic

programming update at step t is:

V (ut:n) = V (ut+1:n)+ψt(ut−V (ut+1:n)) (EC.6)

where ψt(x) =
∫ x
−∞Ft(s)ds. Since F1 has a support bounded below by some constant L, F1(w) = 0

for all w ≤ L. By the FOSD condition, 0 = F1(w)≥ Ft(w)≥ 0 inherently guarantees Ft(w) = 0 for

all w≤L and all t∈ [n]. Thus, all distributions natively share a uniformly bounded lower support,

ensuring ψt is well-defined.

Consider an arbitrary non-greedy sequence u∈Π(v)\{v}. There must exist at least one adjacent

inverted pair of workers at steps t and t+1 (where t∈ [n− 1]) whose observable net values satisfy

ut <ut+1.

Let z = V (ut+2:n) denote the optimally extracted continuation value from the remaining sequence

(steps t+ 2 through n). Importantly, z depends exclusively on the set of remaining downstream

workers and their respective distributions, making it perfectly invariant to the local ordering of

the workers at steps t and t+1. We define the margins of our inverted pair over this downstream

continuation value as x= ut−z and y= ut+1−z. Because the pair is inverted, it strictly holds that

x< y.

If the platform evaluates the pair in their current non-greedy order, the expected continuation

value entering step t is:

Vorig = z+ψt+1(y)+ψt(x−ψt+1(y)). (EC.7)

If we execute a local swap to place the superior worker first (greedy order), the re-optimized value

becomes:

Vswap = z+ψt+1(x)+ψt(y−ψt+1(x)). (EC.8)

We isolate the local welfare impact by defining the deterministic swap difference Dt(x, y) =

Vswap−Vorig. Canceling the constant z yields:

Dt(x, y) = [ψt(y−ψt+1(x))+ψt+1(x)]− [ψt(x−ψt+1(y))+ψt+1(y)] . (EC.9)

To prove that swapping the workers weakly improves the continuation value, we must establish

Dt(x, y)≥ 0 for all x≤ y. Because Ft and Ft+1 are cumulative distribution functions bounded in
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[0,1], their integrals ψt and ψt+1 are 1-Lipschitz. The composition of Lipschitz functions is Lipschitz,

meaning Dt(x, y) is absolutely continuous and differentiable almost everywhere. We evaluate its

partial derivative with respect to x:

∂Dt(x, y)

∂x
= Ft+1(x) [1−Ft(y−ψt+1(x))]−Ft(x−ψt+1(y)). (EC.10)

Let D∗
t+1(x, y) define the purely stationary swap difference if both steps t and t+1 operated strictly

under the downstream distribution Ft+1. By exact symmetry, its partial derivative is:

∂D∗
t+1(x, y)

∂x
= Ft+1(x) [1−Ft+1(y−ψt+1(x))]−Ft+1(x−ψt+1(y)). (EC.11)

By the deterministically decaying market condition, FOSD guarantees Ft(w)≥ Ft+1(w) for all

w ∈R. First, because Ft+1(x) is a probability, Ft+1(x)≥ 0. Multiplying the FOSD inequality eval-

uated at the leading argument by −Ft+1(x) bounds the first term:

−Ft+1(x)Ft(y−ψt+1(x))≤−Ft+1(x)Ft+1(y−ψt+1(x)). (EC.12)

Second, evaluating the trailing argument directly dictates −Ft(x−ψt+1(y))≤−Ft+1(x−ψt+1(y)).

Summing these bounded components establishes a strict global inequality on the partial derivatives

almost everywhere:
∂Dt(x, y)

∂x
≤
∂D∗

t+1(x, y)

∂x
for all x≤ y. (EC.13)

At the boundary where margins are identical (x= y), the swap differences trivially equal zero:

Dt(y, y) = 0 and D∗
t+1(y, y) = 0. By the Fundamental Theorem of Calculus for Lebesgue integrals,

integrating the negative partial derivatives backward from y down to x yields:

Dt(x, y) =

∫ y

x

(
−∂Dt(s, y)

∂s

)
ds≥

∫ y

x

(
−
∂D∗

t+1(s, y)

∂s

)
ds=D∗

t+1(x, y). (EC.14)

Since t ∈ [n− 1], the downstream step t+ 1≥ 2. Thus, Ft+1 satisfies the baseline stability con-

ditions (concave CDF, convex density) by assumption, and Theorem 1 guarantees the stationary

baseline is stable: D∗
t+1(x, y)≥ 0. By transitivity, Dt(x, y)≥ 0. Executing the local adjacent swap

weakly increases the expected continuation value entering step t.

Finally, we must prove that this local improvement monotonically propagates backward to in-

crease the total sequence welfare. For any preceding step k≤ t, we analyze the sensitivity of the step

k continuation value with respect to its downstream continuation value V ≜ V (uk+1:n). Because

the derivative of the surplus function is exactly the acceptance probability ψ′
k(w) = Fk(w) ∈ [0,1]

almost everywhere, ψk is Lipschitz continuous with constant 1. Therefore, for any finite increase

∆> 0 in the downstream continuation value:

[V +∆+ψk(uk− (V +∆))]− [V +ψk(uk−V )] =∆− [ψk(uk−V )−ψk(uk−V −∆)]≥∆−∆=0.

(EC.15)
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This mathematically guarantees that the dynamic programming recursion is monotonically non-

decreasing. The local welfare gain at step t weakly increases V (ut−1:n), chaining completely up

the sequence to weakly increase the total expected welfare V (u1:n). By iteratively identifying and

swapping adjacent inverted pairs in this manner, any arbitrary ranking sequence can be transformed

into the greedy sequence without ever decreasing expected welfare. This establishes the global

optimality of the greedy ranking. □

Appendix D: Methodology for Numerical Certification

To bridge the gap between empirical evidence from Section 4 and absolute mathematical certainty,

we formalize a rigorous computer-assisted proof.

This framework transforms an uncountable, unbounded, and degenerate continuous space into

a finite, bounded grid where global optimality can be computationally certified. The methodology

proceeds in three phases:

1. We truncate the infinite 2D space into a bounded region.

2. We establish certified “safe zones” around the origin and diagonal, clearing the boundaries

where standard floating-point solvers fail.

3. We derive bounds for the partial derivatives of D(x, y) to formally guarantee global continuous

optimality from finite discrete evaluations.

D.1. Proofs.

D.1.1. Domain Compactification

Proposition EC.3. For any continuous cost distribution F with non-negative support (F (z) = 0

for z ≤ 0), the swap difference satisfies D(x, y)≥ 0 unconditionally for all x≤ψ(y).

Proof. If x ≤ ψ(y), the lagged argument x − ψ(y) is non-positive. Because private costs are

non-negative, F (z) = 0 and ψ(z) = 0 for all z ≤ 0. The swap difference reduces to D(x, y) = ψ(y−
ψ(x))+ψ(x)−ψ(y). By the Fundamental Theorem of Calculus, ψ(y)−ψ(y−ψ(x)) =

∫ y
y−ψ(x)F (t)dt.

Because the CDF is strictly bounded by F (t)≤ 1, this integral is strictly bounded above by the

integration interval width, ψ(x). Rearranging yields ψ(x)− (ψ(y)−ψ(y−ψ(x)))≥ 0, establishing

D(x, y)≥ 0. □

Proposition EC.4. For distributions with unbounded left support spanning (−∞,∞) (e.g., Nor-

mal, Logistic), there exists an exact boundary curve Xup(y) such that D(x, y)> 0 for all x≤Xup(y).

Proof. Rewriting the swap difference exactly as the difference of two integrals yields D(x, y) =∫ x
x−ψ(y)F (t)dt−

∫ y
y−ψ(x)F (t)dt. Bounding the subtrahend integral strictly by its maximum possible

rectangular area ψ(x)F (y) provides a strict lower envelope:

D(x, y)>ψ(x)

[
1−F (y)− ψ(x−ψ(y))

ψ(x)

]
(EC.16)
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For distributions with log-concave left tails, applying L’Hôpital’s Rule yields limx→−∞
ψ(x−c)
ψ(x)

=

limx→−∞
F (x−c)
F (x)

= limx→−∞
f(x−c)
f(x)

= 0. Because 1− F (y) > 0 for any finite y, the bracketed term

is mathematically guaranteed to become strictly positive in the deep tail. The root where this

envelope crosses zero defines the exact analytical boundary Xup(y), strictly compactifying domains

unbounded below. □

Proposition EC.5. Let µ= E[Z]<∞. As y→∞, the swap difference converges uniformly to a

1D limit function: L(c) =ψ(µ+ c)− c−ψ(µ− c) where c= y−x. Uniform convergence guarantees

a finite upper truncation limit Ymax if and only if µ>m (Mean strictly greater than Median).

Proof. Evaluating the derivative of the limit function as the gap c→ 0 yields L′(0) = F (µ+

0)− 1 + F (µ− 0) = 2F (µ)− 1. Because L(0) = 0, the tail limit remains strictly positive only if

L′(0)> 0, structurally requiring F (µ)> 1/2. By definition of the median m, this dictates µ>m. If

this topological condition is met, there exists a uniform finite threshold Ymax beyond which D≥ 0

globally. □

D.1.2. Boundary “safe zones”

Proposition EC.6. Let S(y)≜ F (y − ψ(y))[1 + F (y)]− F (y). Let fsup be the maximum density

locally bounded within the interval z ∈ [y−ϵ, y]. If S(y)> 0, then D(x, y)> 0 for all x∈ (y−ϵ(y), y),
where ϵ(y) = 2S(y)

fsup
.

Proof. Expanding D(y −∆, y) around the gap ∆ = 0 using a Taylor series with a Lagrange

remainder yields D ≥ ∆S(y) + ∆2

2
inf ∂

2D
∂x2

. The second derivative is bounded strictly below by

−f(x−ψ(y))≥−fsup. Setting the lower bound ∆S(y)− ∆2

2
fsup > 0 analytically clears the diagonal

interval. Iterative fixed-point derivation of fsup allows clearance even for distributions with global

singularities (fmax =∞). □

D.1.3. Lipschitz Bounding

Lemma EC.1. For any two-dimensional cell defined by [xmin, xmax]× [ymin, ymax] evaluated over

the sequence domain x ≤ y, the absolute gradient magnitudes across the entire continuous cell

volume are bounded by:∣∣∣∣∂D∂x
∣∣∣∣≤ F (xmax) (EC.17)∣∣∣∣∂D∂y
∣∣∣∣≤max

(
min

[
F (ymax), ψ(xmax)fmax

]
, F (xmax)

)
(EC.18)

Proof. Evaluating the exact continuous X-derivative yields ∂D
∂x

= F (x)[1 − F (y − ψ(x))] −
F (x−ψ(y)). The leading positive component is bounded above by F (x)≤ F (xmax), and the sub-

tracted component ensures the lower bound is trivially regulated ≥−F (xmax), yielding the bound

|∂D/∂x| ≤ F (xmax).
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Evaluating the exact Y -derivative yields ∂D
∂y

=−[F (y)−F (y−ψ(x))]+[F (y)F (x−ψ(y))]. Define

these non-negative components as A and B. By absolute value algebra, |−A+B| ≤max(A,B). B

is structurally bounded by 1 · F (x−ψ(y))≤ F (xmax). A is trivially bounded by F (y)≤ F (ymax).

Furthermore, by the exact Mean Value Theorem, the CDF difference A over the interval ψ(x)

is strictly bounded by ψ(x)f(ξ) ≤ ψ(xmax)fmax. Taking the most restrictive valid bound yields

supA≤min(F (ymax),ψ(xmax)fmax). Taking the maximum between the bounds for A and B com-

pletes the proof. □

Theorem EC.4. By Propositions EC.3–EC.6, we define a strictly interior, compact set K. Par-

tition K using an Adaptive Quadtree grid. By the Multivariate Mean Value Theorem and Lemma

EC.1, the true continuous function D(x, y) is mathematically guaranteed to be strictly positive

everywhere inside a cell if its center evaluation D(xc, yc) satisfies:

D(xc, yc)>

(
xmax−xmin

2

)∣∣∣∣∂D∂x
∣∣∣∣
sup

+

(
ymax− ymin

2

)∣∣∣∣∂D∂y
∣∣∣∣
sup

(EC.19)

Cells failing this strict mathematical hurdle are recursively subdivided.

D.2. Certifiable Distributions

Because this unified CAP framework relies on cumulative distributions, mean-value bounds, and

real analysis rather than heuristics, it natively absorbs unbounded domains, zero-origin topological

decay, and infinite singularities. It mathematically certifies the following:

1. Half-Normal Distribution: Features f(0) ≈ 0.798 > 0 and µ ≈ 0.798 > m ≈ 0.674. Certified

definitively up to its analytical tail truncation Ymax = 10.0.

2. Log-normal Distribution: Evaluated under µbase = 0.0, σ= 0.5. It features a flat origin f(0) = 0,

triggering catastrophic numerical O(x3) decay. The framework natively averts infinite recur-

sion via the Second-Order MVT bound in Lemma EC.1. Because the min(·) operator dynam-

ically activates ψ(xmax)fmax, the algorithm mathematically shrinks the Y -radius directly to

the true geometry without heuristic approximations.
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